Abstract. We prove that if two path algebras with homogeneous relations are isomorphic as algebras, then they are isomorphic as graded path algebras. This extends a result by Bell and Zhang in the connected case.
∞ n=0 A n such that A m · A n ⊂ A m+n . Suppose B is another N-graded algebra with decomposition B = ∞ n=0 B n . We say A and B are isomorphic as graded algebras if there exists an algebra isomorphism φ : A → B such that φ(A n ) = B n . The next theorem is a powerful tool in the study of isomorphism problems for graded algebras. A quiver Q = (Q 0 , Q 1 ) is a directed graph where Q 0 is the set of vertices and Q 1 is the set of arrows. We assume throughout that |Q 0 |, |Q 1 | < ∞. For a ∈ Q 0 , we denote by s(a) and t(a) the source and target of a, respectively. The (u, v)-entry of the adjacency matrix M Q of Q records the number of arrows from vertex u to vertex v. A path in Q is a collection of arrows p = a 0 a 1 · · · a n such that s(a k ) = t(a k−1 ) for k = 1, . . . , n.
In this case, s(p) = s(a 0 ) and t(p) = t(a n ). The path p is said to be a cycle if s(p) = t(p). Note that the number of paths in Q from vertex u to vertex v of length ℓ is the (u, v)-entry of (M Q ) ℓ .
At each vertex v ∈ Q 0 there is a trivial path e v with s(e v ) = t(e v ) = v. A quiver is a monoid under the operation of concatenation. That is, given two paths p and q, p · q = pq if s(q) = t(p) and p · q = 0 otherwise.
The path algebra kQ is the set of finite linear combinations of paths with multiplication extended linearly and identity element 1 = v∈Q0 e v . This implies that the trivial paths form a complete orthogonal set.
Throughout, we assign deg(a) = 1 for all a ∈ Q 1 . If I is an ideal of kQ generated by elements of homogeneous path length, then kQ/I has the structure of an N-graded algebra. However, this grading ignores some of a path algebra's most significant structural properties.
1 Set (A n ) uv to be the paths (modulo relations in I) from vertex u to vertex v. Thus, we record dim A n as a (|Q 0 | × |Q 0 |)-matrix where the values of (dim A n ) uv are dim((A n ) uv ). We say a nonzero element r ∈ kQ is homogeneous if all summands of r have the same (path) length, source, and target. An ideal I ⊂ kQ is homogeneous if it is generated by homogeneous elements.
Let A = kQ/I and B = kQ ′ /I ′ with I, I ′ homogeneous ideals. We say A and B are isomorphic as graded path algebras if M Q = P M ′ Q for some permutation matrix P corresponding to σ ∈ S |Q0| and there exists an algebra isomorphism φ : Proof. Suppose |Q 0 | = n (resp. |Q ′ 0 | = m) and denote the trivial idempotents of kQ (resp. kQ ′ ) by e 1 , . . . , e n (resp. f 1 , . . . , f m ). Suppose φ(e u ) = α uv f v + (higher degree paths) where α uv ∈ k. Then
Thus, each α uv = 0 or 1. If u = w, then 0 = φ 0 (e u e w ) = α uv α wv f v . Thus, for each u, at most one α uv = 0 and so n ≤ m. Similarly, by considering φ −1 , we have m ≤ n so n = m.
Now for each vertex u we have φ(e u ) = f u ′ + p∈Pu β p p where P u is a collection of paths of length at least 1 and
If a ∈ Q 1 is any arrow, then it follows from Lemma 1 that s(φ(a)) = φ(s(a)) and t(φ(a)) = φ(t(a)).
Thus, φ(a) is a linear combination of paths with the same source and target as φ(a). It follows further that φ 0 (a) = 0 when a is not a loop.
Lemma 1 has applications beyond isomorphism problems.
Example 2. Let Q be the quiver below.
group of order 2 acting on A by g(u) = u and g(v) = −v. The map ψ : kQ/I → A#G is given by
Let φ ∈ Aut(A#G). By Lemma 1, the idempotents 1 2 (1#e ± 1#g) are either fixed or switched by φ. Since φ(1#e) = 1#e, then it follows that φ(1#g) = ±1#g. This provides an alternate proof of [10, Lemma 8.6 ].
Next we generalize [2, Lemmas 5 and 6] to the case of path algebras.
Definition 3. Let A = kQ/I with I homogeneous, |Q 0 | = n, and let S be a dimension matrix. An ideal J of A with the property dim A/J = I n and dim J/J 2 = S is a codimension I n ideal of tangent dimension S.
Let J S (A) be the intersection of all such ideals in A. If this intersection is empty then we set J S (A) = A.
In general, given two matrices S, commutators. Let a be a loop, based at some vertex u, and assume p is some path containing a. That is,
Note that p ′ p ′′ a or ap ′ p ′′ may be zero.
Now suppose that a and c are loops at vertices u and v, respectively, u = v. If r is a homogeneous relation, based at u and passing through v, then we may push both a and c to the left using the commutator trick above. However, by homogeneity, any term in which c is factored out will automatically be zero. Thus, it is possible to write r as a s r s where r s is a relation in terms of commutators, including trivial commutators. 
Let x ∈ Q 1 with y = φ 1 (x) and u = s(x). After reordering vertices and a linear change of variable we have
Thus, X c denotes those loops in Q 1 whose image under φ may contain a (nonzero) degree zero component.
Suppose α u = 0 for all u ∈ Q 0 , then J ⊂ B + and because J has codimension I n we have J = B + . Thus, φ induces a graded algebra isomorphism from gr A+ A :=
Since A ∼ = gr A+ A and B ∼ = gr B+ B as graded algebras, the result follows from Lemma 1. In particular, this proves the theorem for quivers without loops.
More generally, if r is a homogeneous relation in Q 1 not including any loops whose image under φ includes a nonzero zero-degree component, then r is also a relation in Q ′ 1 and hence dim A n = dim B n . Now we assume that α u = 0 for some u. Let j = (j 1 , . . . , j m ) be a sequence of integers {1, . . . , n}. For
Let 0 be the empty sequence and set
For any homogeneous relation of degree d in the {x
Hence,
Let a ∈ X c , based at some vertex u, and assume p is some path containing a. It follows from the discussion preceding the proof that every homogeneous relation can be written as
where r s ({x
Moreover, because a is a loop based at vertex u,
is again a relation with the same source and target as r.
Let r be any homogeneous relation of degree S uv in Q 1 . We claim that r is also a relation in Q (2) and let t be the largest integer for which r t ({x 
where
and so by homogeneity, Proof. By Theorem 5, we may assume that the isomorphism φ : C(q 1 , q 2 ) → C(p 1 , p 2 ) is an isomorphism of graded path algebras. Thus, we have one of the following cases: Suppose we are in the first case, then
Thus, p i = (k 2 /k 1 )q i . The second case is similar.
